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Abstract 

The Cauchy problem for a modified Zakharov system is proven to be 
locally well-posed for rough data in two and three space dimensions. In the 
three dimensional case the problem is globally well-posed for data with small 
energy. Under this assumption there also exists a global classical solution 
for sufficiently smooth data. 



Introduction 

The following system describes in plasma physics the nonlinear coupling of lower- 
hybrid waves, characterized by the complex amplitude (p of the wave potential, 
with the much lower-frequency quasineutral density perturbations x °f the ion- 
acoustic type. It was introduced in ^1] as a variant of the standard Zakharov 
system which describes the phenomenon of Langmuir turbulence in a plasma. 
For details of the physical background and its derivation we refer to 14]. The 
(2+l)-dimensional version reads as follows: 

i 

i— A<p + A 2 <p + -V<p- V% = (1) 
at i 

d 2 1 _ 

— x -A x --A(V£-Vip) = 0. (2) 

Here V denotes the usual gradient and V = (g§j>— , and (p and % are 
respectively a complex-valued and a real-valued function defined for (x, t) E R 2 x 
R+. 

The initial conditions are 

dx 

ip(x, 0) = <po(x) , x{x, 0) = xo{x) , -^(x, 0) = XiO) • (3) 
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The functions (fo , xo , Xi are given in suitable Sobolev spaces. 

A similar (3+l)-dimensional version of the Cauchy problem will also be con- 
sidered, which reads as follows: 

d 1 

i— Aip + A 2 <f + t(V<£ x Vx) • e = (4) 

8 2 1 

^ X - Ax - -A(V^ x V^) ■ e = 0. (5) 

Here e is a constant vector in R 3 and x denotes the vector product. 

The most important question concerning the Cauchy problem is whether 
global smooth solutions exist for a class of smooth data. One way to attack 
this problem is to give a local well-posedness result for data with low regular- 
ity and then to use the conservation laws, especially the energy conservation, to 
extend this solution globally. It then remains to show that regular data lead to 
regular solutions. This program can in fact successfully be carried out, at least 
in 3+1 dimensions. 

We are going to use the Fourier restriction norm method introduced by Bour- 
gain [21 , [S| to prove local existence and uniqueness of the problems also for rough 
data. It turns out that in 3+1 dimensions such a result is true for the problem 
©,©,© provided Bip G H k (R?) , B Xo G H l (R 3 ) , B X i € H 1 ' 1 ^ 3 ) , where 
B := (-A)2 : l>-l ) l + l<k<l + 2 and k > . So the lowest admissible 
pair is (k,l) = (^,—1) (cf. Theorem 12.11) . It is also possible to treat the case 
BifQ G ^(R 3 ) , xo G L 2 (R 3 ) , B~ l xi G L 2 (R 3 ) . This is of particular interest, 
because in this case the conservation laws belonging to our problem (cf. (|11|) .(|12 |) 
below) can be used to give an a-priori bound for [|i?y>||#i + ||x||l 2 + ||-E> -1 Xt ||^2, 
provided H-B^oIIh 1 + ||xo||l 2 + 11-^ _1 Xi||l 2 is sufficiently small. This allows to 
extend the solution globally in time, thus showing global well-posedness of the 
problem in energy space (Theorem 12.2(1 . 

It is also possible to refine these results in such a way (cf. Theorem I2.3JI 
that one can show global well-posedness of the Cauchy problem for smoother 
data, especially proving the existence of global classical solutions under the above 
mentioned (weak) smallness assumption on the data (Theorem 12. 4j) . 

In 2+1 dimensions local well-posedness is proven for B 1+€ (fo G H k ~ e (R 2 ) , 
£ 1_5 X0 G H l+S (R 2 ) , B~ 5 X i G # /+5 (R 2 ) ,if/>-l,/ + l<fe</ + 2, 
k > ^t 2 - for < e, 5 < 1 (Theorem 13.1(1 . It is also possible to treat the case 
B 1+e ip G H 1 ~ e (R 2 ) , xo G L 2 (R 2 ) , B _1 xi G L 2 (R 2 ) for < e < 1 , but for 
global well-posedness one would need e = , which is excluded here. The latter 
has to do with low frequency problems and the lack of a Sobolev embedding 
H 1 C L°° in two space dimensions. 

This paper leaves open the question whether the results are optimal. In or- 
der to show the sharpness of the bilinear estimates one would need a number 
of counterexamples showing the necessity of the various conditions on the pa- 
rameters involved. But even if this could be done this would not directly imply 
ill-posedness. A remarkable progress has been made in a recent paper by Holmer 
(|l()j) for the original Zakharov system in dimension 1+1, who made precise in 
which sense ill-posedness holds, if certain conditions on the parameters are vio- 
lated. An idea could be to adapt these methods to the present more complicated 
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higher dimensional situation, but I am not going to make such an attempt in this 
paper. 

The technique of the proof relies on the pioneering works of Bourgain 2 and 
Kenig, Ponce and Vega and especially on the paper of Ginibre - Tsutsumi 
- Velo Jj] for the corresponding problem for the original Zakharov system, which 
reads as follows: 

■ 9 

i-p-u + Au = nu 
at 

-^n-An = A(\u\ 2 ) 

u(0) = u , n(0) = n , — (0) = ni. 

In 2+1 and 3+1 dimensions they showed local well-posedness for data uq G H k ' , 
n G H 1 ' , 7ii G H 1 '' 1 under the assumptions /' > , V < k' < V + 1 , k' > 
These conditions are in principle the same as ours (with I 1 = 1 + 1 and k' = k), 
if one remarks that somehow u can be identified with (— A) zip and n with x ■ 
Namely, after this identification and applying (— A)3 to the first equation of the 
Zakharov system we arrive at 

-i^Aip - A 2 ip = (-A)*( x (-A)3p) 

|^x-Ax = A(|(-A)^| 2 ), 

which has a similar form as ©,© (just counting the number of derivatives), 
although the nonlinearities are of a different type. 

Global well-posedness for the Zakharov system also holds for small data in 
two and three space dimensions 4 . A problem which is somehow related to 
the problem considered in the paper at hand has been treated in [S]. They 
however consider the 2-dimensional version with a weaker nonlinearity in the 
wave equation and prove global well-posedness for smooth data. 

We will often use the notation a+ = a + e for a small e > . Similarly, 
a— = a — e and a + + = a + 2e . 

The solution spaces are defined as follows: For k, I, b G R we denote by X k,b 
and X l ± the space such that / G <S'(R™ x R) and 



2 X >.» ■= J (T + \a\ 2 ) 2b (o 2k \mT)\ 2 dtdT < oo 



and 



2 i, b ■= j (r±\C\) 2b (0 2l \mr)\ 2 dCdr < oo . 



respectively. X k ' b and X l ± are defined by replacing (£) := (1 + |£| 2 )2 by |£| . Y k 
is defined with respect to 



Yk := \\{r+\i\T'^rm,r)\\ Ll{Ll) 

and Y± similarly by replacing (t + |£| 2 ) -1 by (t±|^|) _1 . Y k and Y± are defined 
by replacing (£) by |^| . We also use the corresponding restriction norm spaces 
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X k ' b [0, T] by its norm ||/||x* ! . i '[o,T] := 1TX ^f 0T =f \\f\\x k ' b an d similarly the other 
cases. 

We use the following standard facts about these spaces. Let ij) denote a cut-off 
function in C£°(R) with suppip C (-2,2) , if) = 1 on [-1,1] , ip(t) = ip(-t) , 
ip(t) > , ips(t) := , < S < 1 . Then the following estimates hold: 



■se itA f\\ xk , b <c5^ b \\f\\ Hk ,b>0 



and similarly 



Moreover 



<; s e ±itB f\\ xl/ <c5*- b \\f\\ H i,b>0. 



Us / e-^ A f( S )ds\\ xk , b < cS 1 -^' \\f\\ xk , b , (6) 
Jo 

for b' < < b < b' + 1, b' > -\ , S < 1 , and 



Us I e~^ A f(s) ds\\ xkth < c(\\f\\ xk ,-h +\\f\M (7) 

as well as 

\m\\x^<cS- £ \\f\\ xk , b (8) 

for b > , e > . 

Similar estimates hold for X± b , where —A is replaced by B := (—A) 2 . 
Proofs can be found in 

The Strichartz estimates for the Schrodinger equation in R n are given by 

\lJtA„ 



, _l ^ 1 A A\r 

q v 2 r ' 



if < - = n(i — i) < 1 . A direct consequence is (cf. [S], Lemma 2.4): 



ll/ll£«(i E )<c||/|ko, kj (9) 

if 6 > i, < 6 < 6 , < V < 1 , § = 1 - < , n(i - i) = (1 - r?)i . 
For the wave equation we only use 

l|e ±4tS ^o||L-(L2) < c||n || L 2 

and its consequence 



L^Ll) < 4f\\ x o, b , (10) 

tf&o>|,f = l-£. 

An important consequence for functions with a suitable support property is 
given by 0, Lemma 3.1, which we state as follows (for the Schrodinger equation): 

Lemma 0.1 Let a = r + |£j 2 , b > \ , a > , < 7 < 1 , (1 - 7)0 < b , 
a' > ja. Define § = 1 - r/(l - 7 )£ , n{\ - I) := (1 - r?)(l - 7 )£ . Let i; € L 2 

be given such that ^ r_1 ((cr) _a v) has support in {\t\ < cT} . Then the following 
estimate holds: 

u-H(^- a \m\L^ x )<cT \\v\\ L 2, 

where = 70(1 - ^ a ~,^ + ) , [a' - ~] + := a' - \ , if a' > \ , := e , if a' = \ , 
:=0, ifa'<\. 
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The proof is a combination of ©, the support property and Holder's inequality. 
Remark: 1. The same estimate is true for the wave equation with a := r ± |£| 
in the special case rj = 1 , r = 2 (by use of 1|1U[)). 

2. The statement of the Lemma without the factor T® remains true, if no support 
property is assumed (with even a simpler proof). 
For details we refer to jSj. 

Acknowledgment: I am grateful to the referees for careful reading of the 
manuscript and helpful criticism. 



1 Conservation laws 

We now show that the system has two conserved quantities, namely 



h ■ 



[ \Vip\ 2 dx (11) 

JR. 3 

h ■= f \Aip\ 2 dx + l [ (K-Ay^xtl 2 + \x\ 2 )dx + - f x(V^ x Vy>) -edx 

(12) 

In order to show that I\ is conserved we take the imaginary part of the scalar 
product of (JU with ip. We use 

3j((VVx V X )-e,^} 

= -g / K ( PxiXx2 - <Px2Xxi)<P + l f( ( Px 1 Xx2 ~ 6r s Xxi)]e3 da; 
+ 2 similar terms by permutation of the indices 

The first term is treated as follows 

"' = ~T 7 {{ { Px 1 x)x 2 (p - <P Xl x 2 XtP - ( t Px 2 X)x 1 <P + VxixiXV 

+ L P{$X 1 X)x 2 ~ tp(<P X1 X 2 X) ~ f(<Px2X)x 1 + <P<Px2XlX] d X 

= 0. 

This implies that I\ is conserved. 

Next we show that I2 is conserved. We take the real part of the scalar product 
of © with (ft . We remark that 

R<iA^> = , »<AV^> = ~I|A^|| 2 

and 

K-((V^ x Vx) • e, <pt) = i(((V^ x V X ) • e, ^} - <(Vy> x V X ) • e, ft)) . 
1 li 

Calculating (V92 x Vx) ■ e and taking its third term (the others are similar) we 
get 

2- J ((<PxiXx2 ~ i Px 2 Xx 1 )'Pt - {$xiXx2 ~ <PxaXxi)<Pt) dx 
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^3 r 

/ [(<PxiX)x 2 <Pt ~ Vx-LXzXVt ~ (fx 2 X)x 1 (Pt + <Px2XxXPt 

-(<PxiX)x 2 <Pt + <fxix 2 X<Pt + (<Px 2 X)x 1 <Pt - <Px 2 x 1 X ( Pt] dx 
/ (-fxiX&txi + PxiXVtxi + Vx 1 X¥tX2 - PxiXVtx^dx 

I X{- ( Px 1 <Ptx 2 + { ( Px 1 ¥x 2 )t ~ <Pxi<PtX2 + ( Pxi ( ftX2 - (^X2 ( Px 1 )t + ( Ptx 2 fx 1 )dx 

e3 
2i 



X(<Pxi<Px2 - (Px2<Pxi)tdX- 



Thus we arrive at 

dt-{(Vip x V X ) • e, <pt) = - [ x((V^ x Vp) • e) t dx 
i 2i J 

= Yidt I X ^ X V ^ ' edX ~2~if X ^ V< ^ X V< ^ ' edx 
= 7^ y X(V^ x V<^) - edx -\J Xti^Xtt ~ x)dx 
by using ©. Now we have 

1 f 1 1 1 

--jxt(A- 1 Xtt -x)dx = -«(-A)-5 Xt ,(-A)-^) + (Xt,x)) 

= ~(ll(-A)-ix*ll a + llxll a ). 

Summarizing we get 

| (JIA^I 2 + I(||(-A)-^ t || 2 + ||x|| 2 ) + \J x(W x Vtp) ■ edx^j = . 

These two conservation laws imply an a-priori bound for the solution of our 
system (JIJ),©,©, provided suitable norms of the data are sufficiently small. 

Proposition 1.1 Let (</?, x) be a solution of with Bip € C°([0,T], 

F 1 (R 3 )) , x G C°([0,T],L 2 (R 3 )) , B^x* E C°([0,T],L 2 (R 3 )) . Assume that 
the data fulfill 

\\B<po\\hi + \\xo\\v + H^XtH^ < eo 

/or a sufficiently small eo dependent only on the vector e and some Sobolev em- 
bedding constants. Then for t E [0, T] : 

\\B<p{t)\\m + \\x(t)\\v + \\B- l Xt(t)\\ V 2 < Co, 
where Co is independent of T. 
Proof: Consider the conserved quantity 

E(<p, X ,Xt) ■= ||A^|| 2 + i||x|| 2 + ^ll^xtH 2 + -J X (y<P xVv)-edx+ \\V<pf . 
Now by the Sobolev embeddding ^(R 3 ) C L 4 (R 3 ) : 

2 J x(V<^ x Vip) x edx < c J |x||V '<p\ 2 dx < - J \x\ 2 dx + c' J |V '<p\ 4 dx 



< 1 / Ixl^ + codlv^f + HA^I 2 ) 2 (13) 
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Defining 

%o,Xo,Xi) 

:= IIA^of 
we get 



1 II-,/ 1 1 2 , 1 II R -l,, ||2 , 

gllXoll + 2 1' Xl " + 



Xo(V(/? x Vv? ) • ecfx 



+ l|V^o|| 2 



thus 
Defining 



m{t) := \\A ( p\\ 2 + ^\\x\\ 2 + \\\B- 1 xt\\ 2 + \\V<p\\ 2 
< ^o,Xo,Xi)+co(||V^|| 2 + ||A^|| 2 ) 2 , 

m(t) < E{<p , xo, Xi) + c m(t) 2 Vt € [0, T] . 



f(m) := E(<p , xo, Xl) ~ m + c m 2 
we get f(m(t)) > Vt £ [0, T] . / has its only minimum in mo = ^ . For a 

i using 



suitably chosen Cq our smallness assumption implies E(_ipo, Xo> Xi) < ' 



Q13JI above. This implies 



/(mo) < 



1 
4cq" 



m + c m 



1 



1 



4c 2c 



0. 



Because m(0) < S((^o,XOiXi) < 4^ < m o and /(m(0)) > , this implies 
m(0) < mi , where mi is the smaller zero of f(m) . Because m(t) is continuous 
and f(m(t)) > we conclude m(t) < mi \/t E [0, T] and especially m(t) < niQ 
Vi € [0, T] . Thus we have an a-priori bound for m(t) , and the claim follows. 

Concerning the (2+l)-dimensional problem the system (Q) , (J2J) , © has also 
two conserved quantities, namely 



h 
h 



/ \Vip\ 2 dx 
Jr 2 



R 2 



\Aip\ 2 dx + 



2Jr 2 



(\(-A)- 2X t\ 2 + \x\ 2 )dx + 



1 



l JR 2 



x(V^ • Vip) dx . 



This is shown in the same manner as in 3 dimensions. Moreover it is easy to 
see that these conservation laws imply an a-priori bound for ||f?^||#-i + |[x||l 2 + 
11-^ ~ 1 Xt\\i 2 > provided ||I?(/9o||l 2 is sufficiently small. This follows immediately 
from a Gagliardo-Nirenberg type inequality for the cubic term in I2, namely 



R2 



x(V(p ■ Vip) dx 



< 



< 



1 



tIIxIIl* +41^11^1^11 



2 

L 2 



\x\\h + ^\Y 



provided c||V</?o|| 2 2 < 5 • 

The systems in 2+1 as well as in 3+1 dimensions can be transformed into a 
first order system in t by defining 



; dt 



x 



^(x+ + x-) 



X±o := Xo±i(-A)' 



' 2 Xi 
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In 3+1 dimensions this leads to the system 

i^ + AV + ^xV(x + + X-))'e = 

d 1 i 

i— x±t(A)-5 X± ±_(A)-5(V(^x Vtp)-e = 

and 

p(p) = <po , x±(o) = x±o- 

The corresponding system of integral equations reads as follows: 

(-A)^(t) = (-A)h u \ - 1 /e^-) A (-A)-§((V^ x V( X+ +X-)) ■ 

2^ Jo 

(-A)^x±(t) = (-A)*e**(- A > 4 x±o T - /V^-X"*)* (-A)((V£ x Vy>) • e)cfa. 

« Jo 

2 Local and global existence in 3+1 dimensions 

Concerning the system (jlj , © , © , in order to prove local existence and unique- 
ness for solutions Bip E X k ' b [0,T] and B X 6 iffO.T] + X^^T] we have to 

give estimates for the nonlinearities in spaces of the type X k ' b and X 1 ^ 1 for some 
b', 6j < , and in some limiting cases also in the spaces Y k and yj. , respectively, 
because in these cases we are forced to choose b' = — \ or b*\ = —\ (cf. © and 

In the sequel we use the notation 

i ■= £1 - 6 , r := Ti - r 2 , o-< := r, + |&| 2 (i = 1, 2) , a := r ± |f | . 
Then we have 

\^i\ 2 -\^\ 2 T\^\=cr 1 -a 2 -a. (14) 

Later we need the following elementary algebraic inequalities, which were essen- 
tially proven in ([21), Lemma 3.3. Here $e denotes the characteristic function of 
the set E. 

Lemma 2.1 1. Let yi,y 2 S R and z = y\ — y 2 . Then for any A > 1 

\z\<X\y 2 \ + -^—\yi\(p f ^j lL ^,. (15) 

2. Let > 2|£ 2 |. Then 

(6) 2 < c((a) + (o!) + (a 2 )) (16) 
(6) 2 < c{{a) + (a 2 ) + <«Ti>0{ci|ai|<|&| 2 <o2|«n|}) ( 17 ) 
(6) 2 < c((a 1 ) + (a 2 } + (a}0 {ci | (T |<| C |2< C2 | CT | } ), (18) 

where c, ci , c 2 > . 
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Proof: UiJ) follows from the fact that ^\z\ < \yi\ < ^-\z\ , if \z\ > X\y 2 \ ■ 
(fTBjl is implied by (JUJ) and the fact that |£i| 2 - |£ 2 | 2 T |£| ~ 161 for large |£i| , 
and that |£i| 2 — 16 1 2 T |£| is bounded for small |£i| . 

In order to prove Q17J) we use ((T3|l with z = |£i| 2 — |£ 2 | 2 T |£| > an d get for large 

161: 

I6I 2 ~II6I 2 -|6I 2 t|£|| < %| + y + -^h|f 

A — ± t-a+T- Fn — a^tj 
< c((a) + (<r 2 > + <^l)0{ci|«»i|<|€i| a <ca|«ja|}) ■ 
But l|17|) is trivially also true for small 

Finally, (|18|) follows from Q17|) by interchanging o~ and o~\ and using |£| ~ . 

Lemma 2.2 in space dimensions n = 2 or n = 3 let m > , ^ > a, ai,a2 > 
satisfy 2(a + ai + a 2 ) + m > S + 1 and a + a± + a 2 > \ . Let v, v\,v 2 £ l? xt be 
given such that J 7 ^ 1 {(a)~ b v) and J 7 ~ 1 ({a,i)~ bi Vi) are supported in {\t\ < cT} for 
some B>b>a,B>bi>a{ (i = 1, 2). TTien i/ie following estimates hold with 
6 = 8(a, ai, 02, m, -B) > : 



< cT e || V || L 2 11^1^2 ||V 2 || L 2 



|««1«2| , „.,,(-» 



Remark: Here and in the following integrals are always taken over d£i d^ 2 dr\ dr 2 

and v = v(€,t) , vi = uT(6,n) ,«2 = ^2(6,^2) • 

Proof: For the proof of the second inequality we refer to Lemma 12 . 31 b elow . Just 
remark that we can assume m < ^ w.l.o.g. under our assumptions 2(o + a\ + 
a 2 ) + m > ?| + 1 and a + a\ + a 2 > \ . 

Next we prove the first inequality along the lines of Lemma 3.2. We 
estimate using Holder's inequality by 

c\\T-\{o- m {v)- a \v\)\\ LnL r x) ■ WF'Hivir^mhzHL?) 

■ ll^ 1 ((^}- a2 N)||^ {L?) (19) 

with 

111 

- + - + - = 1, 20 

q qi q2 
111 

- + — + — = 1. (21) 

r r\ r 2 

Choose bo = t; + e , e sufficiently small, and < 7, n < 1 such that 
1 = l-r/(l - 7 )£ (i = 1,2), H = i_(i_ 7 )£. 

(remark that (1 — 7) max(a, ai, a 2 ) < 60 > because a, ai, a 2 < A , so that q, qi,q 2 > 
2). Now ((2T)|) is equivalent to 

(l- 1 )(a + r 1 {a 1 + a 2 )) = b . (22) 



9 



Concerning the x-integration we use the Sobolev embedding H™' 2 C U x for 

A In 

m > n(- - -) > (23) 

and choose 

n(i - i) = (l- 7 )(l (24) 

With these choices an application of Lemma lU, II (+ Remark 1) gives the desired 
bound. Now (|21j) by use of ()24|) reduces to 

11, .1 1 1. .1 1. ,1 1 . n n , . , .ai+ao 

n{~—) = n (-+ = -n -n +tt = -- 1-7 M 

2 r n r2 2 2 ri 2 r2 2 2 6o 

From (EH) we get (1 - 7 ) >?(ai + a2) = 1 - (1 - 7 )£ and thus n(± - i) = 1 + § - 
(1 - 7) a+a fe 1 + a2 so that (E3) reduces to the condition 

^ , . n a + ai+a 2 , . 

m>l + --(l- 7 ) . (25) 

Z b 

It remains to check (|22[) and (|25j) . (j25[) can be fulfilled for a suitable < 7 < 1 
close to 0, if 60 is close enough to \ under our assumption 2 (a + a\ + a 2 ) + m > 
t| + 1 . Concerning (122H we only remark that (1 — 7)0 < < bo , whereas 
(1 — 7)(a + a\ + 02) > 60 f° r small 7 > and 60 close to \ by the assumption 
a + a\ + 02 > ^ . So (|22|) can be fulfilled for a suitable < 77 < 1 . 
Remark: Lemma 12.21 remains true, if one of the three factors does not fulfill 
the support property and at least one of the exponents a, a±,a 2 belonging to the 
other two factors is strictly positive. This follows by using Remark 2 to Lemma 
ItHl 

We also need the following variant of the previous Lemma. 

Lemma 2.3 In space dimensions n = 2 or n = a, ax, a 2 > 

, ai > satisfy 2(a + a\ + a 2 ) + m > § + 1. Let v,v\,v 2 € L 2 xt be given 
such that J-~ l \(a)~ h v) and J : ^ 1 ((ai)^ bi Vi) are supported in {\t\ < cT} for some 
B>b>a,B>bi>ai (i = 1,2). Then the following estimate holds with 
= 0(a, ai, a 2 , m, B) > : 



/ 



wi"2 , 

<cT ||U|| L 2 l|Ul|| L 2 \\V 2 \\ L 2 



Proof: Again using a variant of the proof of [3], Lemma 3.2 we estimate the 
l.h.s. by Holder's inequality as follows: 

c\\F-\(a)- a \v\)\\ L * { Ll) ■ \\r-HWi)- ai \n\)\\ L ? { L?) 

• ll^d^r" 1 ^}^ 2 ^!)!!^^) (26) 



with 



1 


1 




1 




+ — 


+ 




q 






q-2 




1 




1 






+ 






n 




r 2 



(27) 
(28) 
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Choose 60 = ^ + e , e sufficiently small, and < 7, 77 < 1 such that 

2 , , CLi , 2 , , a 

1 _ ^(1 _ 7 ) * (i = 1, 2 ) , - = 1 - (1 - 7 - 

(remark that (1 — 7) max(a, a\, a 2 ) < 60 > because a, ax, a 2 < \ , so that q, q±, g 2 > 
2). Now l)27|) is equivalent to 

(l- 7 )(a + r ? (a 1 +a 2 )) = 6 . (29) 

Concerning the x-integration we use the Sobolev embedding H™' 72 c L£ 2 pro- 
vided 

/ 1 1 x 

m = n(- r ) > (30 

r' 2 r 2 

and r 2 7^ 00 . This last condition is by (|28|) equivalent to 77 7^ 2 . We now choose 
ri such that 

n(i-l):=(l- 7 )(l-^. (31) 

2 n 6 

This is strictly positive, because a\ > . Thus r\ 7^ 2 and r 2 7^ 00 is fulfilled. 
Now we choose r' 2 such that 

n{\~ \):= (1-^(1-^. (32) 
2 r 2 b 

With these choices we can estimate (H) by cT e || 

v \\l 2 \\ v i\\l 2 \\ v 2\\l 2 using 

Lemma If). II (+ Remark 1). Now we compute using 

1 1 1 1 I n ,ai + a 2 

n(— ) = n(— + -) = - - (1 -7)(1 -77) — 

r 2 r 2 r 2 r\ 2 2 Oq 

n ,fli+«2 , ai + a 2 

= 2- {l - l) ^r +r]{l ~ 1) ^r- 

From (EU) we get (1 - 7 ) ' ?(ai + a2) = 1 - (1 - 7)^ and thus 

1 1 n a + ai + a 2 
n{— = 1 + - - 1 - 7) . 

r' 2 r 2 2 6 

Thus (|3*U)) reduces to 

m = l + --(l- 7 ) - ^ ^(l- 7 )( Q + ai +a 2 ) = 6o(- + l-m). (33) 

It remains to fulfill (|2*§)) and (|3*3*|) . (|3*3*)) can be fulfilled with a suitable < 7 < 1, 
if 60 is close enough to \ under our assumption 2(a + a\ + a 2 ) + m > l| + 1 . It 
remains to fulfill (J2UJ). By (|3*3*|) and to < | we have (1 — 7)(a + a\ + a 2 ) > 60 j 
whereas (1 — 7)0 < \ < bo , so that ()29|) can be fulfilled by a suitable choice of 
r/G(0,l). 

Remark: Similarly as for Lemma 12.21 it is sufficient here to have the support 
property for only two of the three factors, provided at least one of the exponents 
a, a\, a 2 belonging to the other two factors is strictly positive. 
In the following D denotes any first order spatial derivative. 
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Lemma 2.4 In space dimension n = 3 assume I > — 1 , k > l + l , k < 1 + 2 with 
the exception of (k, I) = (0, —1) . (f and \ are given with support in {\t\ < cT} . 
Then the following estimate holds: 

\\(-A)-HD^D X )\\ xk ^ + <cT e \\D^\\ xk: r\\D X \\ x ^ 
with 9 = &(k,l) > . 

Remark: Trivially we can replace ;.i by \\x\\ .1+1,1 , if I < . 



Proof: Defining^ := (0 (cr) 2 ^,^ := (6) (o-2) 2 ^and^ := (6) 2+ «T, 
where wi G , we have IMlL 2 t = IPxIl^i , IH| L 2 t = IIA^H^ and INIz, 2 t = 

This generic function ifc in X~ k 'i~ can be assumed to have support 



in {\t\ < cT} , too. Thus we have: the support of J r ~ 1 ({a)~^v) , J 7 ~ 1 ((o-2)^^V2) 
and J r_1 ((<Ti) _2+ 'yi) is contained in {|t| < cT} . We thus have to show: 



Region A: \^\ < $\£ 2 \. 
In this case we have |£| ~ |£ 2 | , thus 



<cT e \\v\\ L2 \\ Vl \\ L 2 \\v 2 \\ L 2 . (34) 



5 < c 



I^i^2ll6l 1 (6) fc 

(6) fc+Z (^}5(ai)5-( (T2 }l 



Case 1: A; < 1 , A; + 1 < . 

We use the estimate (cf. (fTo]0 (£ 2 ) < ((c) + (<ti) + (02}) 2 and get 



5 < c 



— k — I 

\vvYV2\{{a) + (ai) + (gg)TjI 

|eiKei)- fc (^>^<7l>3-(<7 2 )2 



Because under our assumptions — A; — / < 1 , we get three terms with positive 

powers of the a - modules in the denominator. 

a. We consider first the case |£i| > 1 , where we have 



S < c 



\vvro2\{{a) + (01) + (0-2)) 2 



We use Lemma [2~2"1 with e.g. a = ^ + ai = |— , 02 = ^ , m = 1 — A; (and 
similar choices in the other cases) and get 2(a + a\ + a 2 ) + m = / + 4— > I for 
I > — I , a + ai + a 2 = § + ^j^ — > 5 and a, ai, a 2 < 5, because A; + I < . 
b. In the case |£i| < 1 we get 



S <c 



\mnvj\{{a) + (ai) + (cr 2 )) 2 

|Cl|(<7)3((7i)3~((J5>3 



Similarly as before we use Lemma 12.31 with m = 1 and get 2(a + a\ + 02) + 
k + I + 4 > —1 + 4 = 3 , thus the desired estimate. 
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Case 2: k < 1 , k + 1 > . 

We get 

s , , ( , 1*^1^2 1 16 T 1 ^!^ _ „ f \vviV2\ 



a. |6| > 1 • 

By I > — 1 we get 

\vvw>\ 



S <c 



(a)'2(ai)2 (<t 2 )2 

This can be handled by Lemma 12, 31 with a = a^ = \ ^ a\ = \— , to = 
b. |£i| < 1 . 



S <c 



We use Lemma 1231 with a = a>2 = \ , a\ = \ — , m = 1 . 



Id I (o") 5 (0-1)2 (0-2)2 

1 _ _ 1 

2 , u\ — 2 



Case 3: k > 1 . 
a. |6| > 1 . 

Using |6| < \ |6 1 and I > -1 we get 

s <c I \vviV2\(£i) k ~ 1 < c f \vviv2\ 



\vvrv2~\ 



< C 



(a) 2 (0-1)2 (0-2)2 



This can be handled by Lemma \'2 . 31 with a = 0.2 = \ , «i = \— , m = . 

b. |6I <i- 

Using A; + />l + />0we get 

^ ( , \vnvi\ ^ f \vvrv2~\ 



7 i^i/# \fc+i//T\3/ f r 1 \i-//r \3 ~ c i 



|6|(6) fc+i (^^(0-l)2-((T2)2 J |6|(a) 3 <(7l)3-((7 2 >3 

Now we use Lemma 12.31 with = 02 = ^,01 = ^— , m = 1 . 
Region B: §|&| < |6| < 2|6| (=> |£| < 3|6|,3|6|). 
We have 

J ICi I (o") 2 (0-1) 2 (0-2) 2 
If Z > we arrive at the same integral as in Region A, Case 3b. 
If — 1 < Z < we estimate as follows: 

g <c f Iw^l(gi)^ <c f |wi^2|(6 



|6 1 (a) 2 (0-1)2 (0-2)2 J |6 1 (0-) 2 (0-1)2 (0-2)2 

In the case |6| < 1 and |6l — 1 we arrive at the same integral as in Region A, 
Case 3b and Case 3a, respectively. 
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Region C: |£i| > 2|&| (=> |£| ~ |^|). 
We get 

I wwitS"! ICi I _1 <^i > fc-i 



S < c 



a. |6| < 1 ■ 

This implies |^| < 5 j so that we again arrive at the same term as in Region A, 
Case 3b. 

b. |£i| > 1 . 

Because k > I + 1 by assumption, we get by lfT5|l : 

s<c f \™wZ\{£i) k ~ l ~ 1 < c f |wtwl«^> + <^i) + (ff2>)"' 



(e 2 ) fc (ci)5( C 7 1 )2-( fj2 )2 J (6) fe (^) 5 (^l) 5_ (^2}5 

We remark that our assumption A; < Z + 2 implies that the exponents of the a - 
modules in the denominator are positive. Using Lemma l2.2l with e.g. a = \ = 02, 
ai = \ - fc ~^~ 1 - , m = Zc > , thus 2(a + a x + a 2 ) + m = 4 + /- > § for Z > -|, 
we get the desired bound. 

Corollary 2.1 Under the assumptions of Lemma \2.J\ we have for k > 1: 

II ( — (D<pDx) || xfe _i+ < cT e (||^|| xlj i llxll^j + ||£Ml x *,i llxll^o.4 ) • 
Proof: We use Lemma l2~4l with k = 1— , Z = — 1 : 

IK-Aj-ic^Dx)!^..-^ < tsr e ll^ll Jf i-, 4 ll^xll Jf -i,i 

< cT e ||^ll xl -,i||xll x o,- 

Applying the elementary inequality < c ((£,) k ~ 1+ + (^2} fc 1+ ) in the 

Fourier variables we arrive at 



-ArHD<pD X )\\ xk ^ + < cT 6 (\\D<p\\ xl _ ih \\x\\ x ^ 1+t i +||^|| xfc ,i||x|l x o4) 

-.9/ 



< cT^dl^H^allxll^,! +\\D<p\\ xk ^\\x\\ x o,i, 



Lemma 2.5 In space dimension n = 3 assume I > —1 , Zc > , Zc > Z + 1 , 
and let cpi , (p 2 be supported in {\t\ < cT} . Then the following estimate holds: 



\\D^Dv2\\ xl+2 ,-i + < cTV\\Dvi\\ xk ,ijD V2 \\ xkt i 
with 9 = 8(>, Z) > . 

Remark: Trivially we can replace X l ± 2, 5+ by X l ± 2 ' 5+ . 

Proof: Defining v{ := (£i) k {(Ti} aDcpi , vi := (£ 2 ) k (a 2 )^ £hp 2 and $ := (£} /+2 
(a)~2 + v , where v E L 2 , we have to show 



W 



<6) fe <£2> fc <<T) 3 "<ffl) 3 <0-2>3 



< cT@ \Hli\\vi\\l* WMl* 
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Region A: %i < |^| < 2|&| (=> |£| < 3|6|,3|6|) . 
This gives 



w< c , a , , <c 



(cr)2 (ai)2((T2)2 «/ (cr)2 (o-i)2(cr 2 }2 

by our assumption > 4^ . This integral is treated by Lemma 12.31 as before. 
Region B: \^\ > 2|&| (=► |£| ~ 161) (and similarly |&| > 2|£i|). 
Using fc < I + 2 w.l.o.g. and (|TT)|) we get 

w<c /• \vV^\(Zl} l+2 - k <c f \VV^\((<T) + (<Tl) + fo))^ 
V <6> fc <<7>*->l>*<<7 2 >* - 7 (6>*(<7)^-(<7l)3((7 2 >^ 

The condition > Z + 1 is required to produce positive exponents of the a - 
modules in the denominator. Moreover we have k > so that we can apply 
Lemma 12.21 with e.g. a = \ — l+2 ~ k — , a\ = a 2 = \ and m = k , so that 
2(a + ai + a 2 ) + m = k + (fc - I) + 1- > | , because k-l > 1 and > ^ > 5 . 
This completes the proof of Lemma 12.51 

Corollary 2.2 Under the assumptions of Lemma \2. 51 we get for k > 1: 
Proof: Using Lemma 1231 with k = 1 , / = 0— we get 



,»+!,-£ + 



WDfrDtptW^.^ < cT e ||^i|l xl ,i||^2|l xl ,i , (35) 
which gives as in the proof of Corollary 12.11 for I > 0— : 



x ± x ± 

< cr e (|| J D Vl || xli i|| J D^ 2 || Jf!+1+ ,i +Pyi|l x « + i +> i 11^11^1,1) 

< cT e (\\D Vl \\ xhh \\D^ 2 \\ xk ^ +11^111^,111^211^,1), 

whereas for I < 0— we get obviously by (|35j) : 
IK-A)^^^!! < WD^D^W 2 t + <cT Q \\D<p x \\ ADtp 2 \\ h 

X ± ^ x ± 2 A A ' 2 

< c^iWD^W^jD^W^t +11^11^111^211^,1). 



Lemma 2.6 Let n = 3 ; / > — 1 ,Z + l</c</ + 2 ; and let cp , x be given with 
support in {\t\ < cT} . Then the following estimate holds: 

[|(-A)-5(D ¥ »Z>x)|| xfc ,_ i < c^WD^W^WDxW^ 

with e = e(k,i) > . 
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Remark: For I < we can obviously replace ||-Dxl| ;> i by ||x|| -i+i,^ 



, ± x ± 



Proof: We repeat the proof of Lemma l2.4l replacing everywhere {a\)z~ by (<Ti)2 . 
Then we can allow (k, I) = (0,-1) in Region A, Case 1. The strong inequality 
k < I + 2 was only used in Region C b. Here the case k = I + 2 is also possible, if 
(<7i) 2 appears instead of (a\) ?~ . Just remark that in the limiting case k = 1 + 2 
we have k > so that Lemma 12.21 can be applied. 

Corollary 2.3 Under the assumptions of Lemm,a, \2. 61 we have 

||(-A)-^(D^x)|l x *,_i <cT (||^|| xlj i|| x ||^ +1 ,x +11^11^,111x11^^)- 

Lemma 2.7 Let n = 3 , I > — 1 , k > , k = I + 1 and suppose ip\ and (p% 
are supported in {\t\ < cT} . Then 

\\D{piDip 2 \\ xl+2> _i < cr e ||D99i|| xfc i + ||L»^2|| xfc ,i + 
with 6 = Q(k,l) > . 

1+2 — - ■ 1+2 — - 

Remark: We can replace X± ' 2 by X± ' 2 . 

Proof: Replacing (<t)2 _ by (a) 2 and (o"j}2 by {o~i)z + everywhere we repeat the 
proof of Lemma 12.51 The strong condition k > I + 1 was only required in Region 
B to produce positive exponents of the a - modules in the denominator. In the 
limiting case k = I + 1 (remark that k > here) we use Lemma 12.21 with e.g. 
a = , a\ = ^+ , 02 = |+ and m = k and get the inequality 

5 

2(a + a 1 + a 2 ) +m = 2 + k+ > -, (36) 
if k > 5 ■ This completes the proof. 

Remark: For k > i we can replace X fe, 2 + by X fc, 2 in the statement of Lemma 
1X71 

This follows immediately, because in this case condition ()36|) with a = , a\ = 
a 2 = \ is also satisfied. 

Corollary 2.4 Under the assumptions of Lemma \2. 7| and k > 1 we get 

< c^dlD^H^ill^H^i +11^11^1 HD^H^i). 

Because we were forced to replace X k ~? + by X k ~? in the limiting case 
k = I + 2 in Lemma 12.41 we have to give an additional estimates where X k, ~2 is 

replaced by y fc (in order to apply (J7J) later). Similarly, because X± ' 2 had to 
1+2 — — 

be replaced by X± ' 2 in the limiting case k = I + 1 in Lemma 12.51 we need an 
estimate where X^ 1 " 2 ' 2 is replaced by Y±~ 2 . 



1 

■xy 
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Lemma 2.8 Let n = 3 , I > — 1 , / + 1 < A; < / + 2 6e given and let <p and x be 
supported in {\t\ < cT} . Then 

||(-A)-3(D v £) x )|| yfc < C T ||^|| xfc ,i||D X ||^i 

with e = e(M) > o . 

Remark: For I < we can replace ||-Dx|| ( i by ||x|| .i+i, 1 ■ 
Corollary 2.5 Under the assumptions of Lemma \2.8\ we have 

\\(-A)-?(DipDx)\\ Yk <cT e (||LM| i Hxll i+ a + llxll ,i)- 

A i x ± J A ' 2 X ± 1 

Proof of Lemma 12.81 Defining v and v<i as in the proof of Lemma 12.41 and 
V>(£i) := with w i £ j so that -0 denotes a generic function in H~ k , 

we have to show 

~ f \vwivj\\Ci\- 1 ^i) k . „ e ,| I, 

J (t) 1 (°i)(<>*)* "* Xt 

The only case where the strict inequality k < I + 2 was used in the proof of 
Lemma 12.41 was the region > 2|£ 2 | and |£i| > 1 . In all other regions we 
define vi := w\. Then one easily checks ||ui||r,2 < cHu^ll^ and S can be 

xt x 

replaced by 

r \vv^\\^\- 1 ^i) k 

This is exactly the integral treated in the proof of Lemma [2 .41 so that the desired 
result in these regions follows using the remarks to Lemma 12.21 and Lemma 12.31 
taking into account that w\ fulfills no support property. 

It remains to consider the region where > 2|£ 2 | and |£i| > 1 and I + 1 < k < 
I + 2 . In this case we get as in Lemma 12.41 

k — l — 1 

< f \vmvi\({<T) + (0"2) + {°l) ( i 3 {c 1 \a 1 \<\i 1 \z<c 2 \a 1 \})^ r ~ 

J (6) fc (^)^a 1 )(a 2 )5 

Here we used (|17|). The two terms coming from (a) and {(72) in the numerator are 
treated by defining v~i as before by Lemma l2~2*l with e.g. = 5— k ~ l 2 ~ 1 > , a\ = 
\— , ai = \ , m = k , which implies 2(a + a\ + a 2 ) + m = 4 + /— > | , whereas the 

term coming from (<ti) is treated by defining v\ := (oi)~2 ^0{ci|<n|<|£i| 2 <c2|<7i| }• 
One can easily show ||^2 < c||i/ji ||^2 , so that we only have to give the estimate 

f \VVIV2\ e 

/ TTTZTTr-, 1 fc - t -i 1 <c T M\Ll t m\\Ll t m\\Ll t - 

This can be done by Lemma l2.2l f+ remark) with a = a 2 = v\,ai = ^ — k ~2~ 1 > 
and m = k which implies 2(a + ai + a 2 ) + rn = 4 — I > | . 
We also get 
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Lemma 2.9 Let n = 3 , I > — 1 , k > , fc = / + 1 and suppose ipi and ip 2 
are supported in {\t\ < cT} . Then 

\\D(piDcp 2 \\ Y i+2 < cT e \\Dcp 1 \\ xk i + \\D(p 2 \\ xk! i + 



with = Q(k,l) > . // k > \ , we can replace X k, 2 + by X 



2 

1+2 u,r vl+2 



Remark: We can obviously replace Y± by Y± and k = l + lhyk>l + l. 
Proof: Defining v\ and v 2 similarly as in the proof of Lemma 12.51 and V>(£) : = 
(£}' +2? ^(£) with w G L 2 (so that tp is a generic function in H~ l ~ 2 ), we have to 
show for any e > 0: 

w-.= f I^KO* 3 — ^ < cT « ihii^Ki^ ||, 2 || L2 . 

^ ^l) k (^) k ^)(a 1 )^{a 2 )^ ' xt xt 

In region A of the proof of Lemma 12,51 we define v := (a)~2~2uj such that 
IMIl 2 ^ < c|| w||^2 and W is estimated by 

\VV1V2\ (6 ) l+2 ~ 2k f \VVTV2\ 

— i — ; i i < C 



(<T)3-S( < 7 1 )3+^ (T2 )3+« J ( (T }5-5( f7l )3+ e (a 2 )3+ e 

which can be estimated by cT ||v|| 1,2 || ip. \v 2 \ip. by Lemma 12.31 (+ remark) as 
before. In region B of the proof of Lemma 12.51 we get using k = I + 1 and (fl? 



W < c 



luwi^KCi) 



^ y |tflt5ItJa|(((7i) + (cr 2 ) + (o-)0{ Cl |<7|<le|2< C2 la|})2 



The two terms coming from (o"i) and (o~ 2 ) in the numerator are treated by defining 



v as before by Lemma l2~2l with e.g. a\ = e,a 2 = ^ + e,a = l — ^ , m = k > 1 



so that 

5 

2(a + ai + 02) + m > - . (37) 

The term coming from (a) is treated by defining v := (a)~2W(fi{ Cl \ cr \ < \^2 <C2 \ cr \} , 
so that |M|r2 < clli/j II ^2 . Thus it remains to show 

xt x 

f ItWLVjl _q 

/ 1 1 — < cT \\v r,2 mi \\ L 2 \\v 2 \\t2 . 

This is true by Lemma 12.21 with ai = a 2 = ^ + e,a = 0,m = k>^, thus 
2(a + ai + a 2 ) + m > | . 

If k > I , we can easily modify the proof by replacing (aj)2" +e by (e>j}2 (j = 1, 2), 
because the decisive condition (|3T|) in this case also holds. 

Corollary 2.6 Under the assumptions of Lemma, \2. !A and k > 1 we get 
(D 



-A)2(Dip 1 Dip 2 )\\ Y ^ +1 



< cT^dl^xll^ill^H^i +11^11^11^211^). 
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Proof: follows from Lemma 12.91 and the remark to that Lemma. 

Theorem 2.1 In space dimension n = 3 assume I > —1 , I + 1 < k < I + 2, 

k > , and 

6 i? fe (R 3 ) , B Xo g H l (K 3 ) , xi e ^(R 3 ) • 

TTien there exists 1 > T > ; T = T(\\Bipo\\ H k, II-^XoIIh^ IIxiIIhO > such that the 
problem 0], J3J^ has a unique solution (tp, X ) w ith 

B^eX k ' b [0,T] , B X ,XteX^ bl [0,T}+X lM [0,T}. 

Here b=\+,bi = \+,ifl + l<k<l + 2,b = \,b 1 = \+,ifk = l + 2, 
and b = 7}+ , b\ = \ , if k = I + 1 . This solution satisfies 

B^C°([0,T],ff fc (R 3 )) , 5x,XteC ([0,T],^(R 3 )). 

If I < we can replace Bxo , Xi G H l by xo G , Xi ^ H l , and Bx , Xt G 

4 6l [0,T] +X^[0,r] 6y x G X^_ +1 ' 6l [0,T] + X l ^ 1,bl [0, T] , X t G X^ 1 [0, T] + 
X^ 6l [0,T] , and we We x G C°([0, T], ij' +1 (R 3 ) , xt G C°([0,T],H l (R 3 ) . 

Proof: We replace our system of integral equations by the cut-off system 

B<p(t) = Mt)Be UA m -^ T (t) [* eW-'^B-^UfartfVrts)) 

2i Jo 

x(^2t(s)V(x+(s) + X-(s))) • e) ds 

B X ±(t) = Mt)Be ±UB X ±oT-Mt) f' e Tl{t ~ s)B B 2 ((^ 2T (s)V^(s)) 

« Jo 

x(ifj2T(s)V(f(s))) -e)ds, 

which we want to solve globally in t. This gives a solution of the original system in 
[0, T] . The factors i/^t here allow to assume that the factors in the nonlinearities 
are supported in < 2T} . We want to use the contraction mapping principle 
and consider the case I + 1 < k < I + 2 first. 
The linear parts are treated as follows: 

\\iPi(t)Be itA ipo\\x^» <c\\B<po\\ H k 

and 

\\Mt)Be ±itB x±o\\ x t,h < c||Bx±o|Ih< • 

Using © the integral term in the first equation can be estimated in the X k '2 + - 
norm by 

cT ^\\B-\{{^ T Vv) x (^2TV(x+ + X-)))-e)|| xfc ,_i ++ , 
which by Lemma 12.41 and jSJ) is majorized by 

cT e+ \\B^ 2T ^)\\ ,{\\B^ 2TX+ )\\ ,i+||S(^ X -)ll a) 
< cT®-\\B<p\\ xk ^\\B X+ \\ ,1+Px-H .j), 
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where > . 

The integral term in the second equation can be estimated in the X± 2 - norm 
similarly by use of Lemma 12.51 instead of Lemma 12.41 and leads to the bound 

The standard contraction argument then gives a unique solution Bp G X k,b , 
Bx± £ X 1 ^ 1 of the cut-off system for small enough T. 

If k = I + 1 the estimates for the first equation remain unchanged whereas Lemma 
12.51 is no longer true and forces us to choose b\ = \ , so that the integral term in 
the X 1 ^ 1 - norm is estimated by (JJJ by 

\\B 2 {{{^ 2T Vp) x (V 2 tVv?)) • e))|| L i + \\B 2 (((ijj 2T Vp) x (^ 2 tV^)) • e))|| y « . 

x ± 

The first term can be treated by Lemma 12.71 and (JHJ) and gives the bound 
cT®\\B(ip 2 Tp)\\ 2 k i, < cT 0_ ||-B</?|| 2 fc i , whereas the second term gives the 

same bound by Lemma 1231 So we get a unique solution € X k '2 + ; 2?x± G 

If fc = I + 2 the estimates for the second equation remain unchanged, whereas 
Lemma 12.41 is no longer true and thus requires b = ^ so that the integral term in 
the X k ' b - norm is bounded by 



||B((foferVp) x (^2tV( X + + x-))) ■ e)|| xfc ,_ 2 
+ \\B{((i> 2T Vp) x (V 2 tV(x+ + x-))) • e) . 

These terms are treated by Lemma 12.61 and Lemma 12.81 which gives the bound 

cT e \\Bip 2T <p\\ xk! i(\\Bip 2TX +\\ xl+i i + HB^rx-lljpL.i) 
< cT 6 -\\Bp\\ xkth (\\Bx+\\ xl+ ,i +\\B X -\\ xl _,3 i ), 

1 i i + 

which leads to a unique solution Bp G X fc '2 , £>x± € X_^ 2 of the cut-off system. 
To prove uniqueness for the original system of integral equations in [0, T] (without 
cut-offs) let (p,x±) be any solution with Bp G X k ' b [0,T} , B X ± G X l ± bl [0,T] . 
Consider e.g. the case I + 1 < k < I + 2 and b = |+ , b\ = ^+ . Let (p,x±) 
be any extension with Bp G X k,b , i?x± £ X 1 ^ 1 . Then we have by the same 
estimates as above: 

* e i(t-.)A B -l (((V¥ , (a) x V(x+(s) + x _ (s))) . e) d s || xfc , b[0)T] 

< \\Mt) f e^- s ^B-\^ 2T {s)Vp{s) x^ 2T (s)V(x + (s) + X-(s)))-e)ds\\ xk , b 
Jo 

<cT e -\\Bp\\ y k i(\\Bx+\\ ,i + ||#X-I 



Thus 



e*(*-)A B -i (((V¥ ,( a ) x V( X+ (a) + X-(*))) • e) ^llx^[o,T] 
< cT -||^|| i (px+H ,,i +||5x-IL ,i J- 
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Similarly we can treat this term in the other cases using the Y - spaces and also 
the integral term in the second integral equation. A standard argument implies 
uniqueness for the original system in [0, T] . 

The claim that Bip belongs to C°([0, T],H k ) and B X to C°([0,t],H l ) follows 
directly from the embeddings X k ' b [0,T] C C°{[0,T],H k ) and X l ± bl [0,T] C 
C°([0,T],H l ) for b > \ and h > \ . \ib = \ (or similarly b x = \) this fol- 
lows from the fact that the nonlinearity -B _1 ((('02tV(/j) x (tp2T^X±)) ' e ) belongs 

to Y k for Bip G X k, 2 and B\± G (cf. estimate above). This implies by [3], 
Lemma 2.2: / * e^- s ) A J B(((^ 2T V^) x (4> 2 tV {x+ + X-))) -e) G C°(R, # fe (R 3 ) j, 
which by the integral equation implies B<£ G C°([0, T], iJ fc (R 3 )) . 
The additional claim for / < follows easily by replacing in the application of 

Lemma l2.4( Lemma l2.6l and Lemma l2.8l ||^y-i-|| , i by ||x±|| -i+i, 1 and in the ap- 

x ± x ± ' 7 _ 

plication of Lemma l2.5l and Lemma l2.7l ||.D(g.D(g|| l+2 _i ^ +) hy \\D(pDip\\ . i+2 _i (+) 

x ± ' 1 x ± ' 1 

and in Lemma \\D(p~Dip\\ Y i+2 by ||D<^D<^[Ui+2 . 

Remark: The case k = 1 , I = — 1 especially shows that, given data <^o > Xo with 
Syjo £ -ff 1 (R 3 ) and xo > B~ 1 xi G L 2 (R 3 ) , there exists a unique local solution 
(<P,X) of problem on [0,T] , T = r(||flpo|| H i, ||xo||l», H^Vlb), 

with £92 G I^fO.T] and X , B'^Xt G X°' 5+ [0,T] + X°_' 5+ [0, T]. Moreover 
£^ G C^M^CR 3 )) and x^Xt £ C°([0, T], L 2 (R 3 )) . 

Combining the last remark with Proposition 11.11 we immediately get 

Theorem 2.2 Let ip , xo , Xi be given with 

\\Bipo\\m + IIxo||l2 + ||-B _1 xi||l2 < eo 

where eo is a sufficiently small constant (depending only on e G R 3 and a Sobolev 
embedding constant). Then the Cauchy problem ^]). J3|). has a unique global 
solution {if, x) with 

Moreover 

B^C^fiHR 3 )) , x,-B- 1 xt€C°(R,L 2 (R 3 )). 

Using the refinements of the nonlinear estimates given in Corollarv l2.11 Corol- 
lary E21 Corollary E31 Corollary El Corollary E51 and Corollary EID we get the 
following variant of Theorem 12.21 

Theorem 2.3 Assume k >l , I > -I , I + I < k <l + 2 and 

Bipo G H k (R 3 ) , xo,B- 1 Xl eH l+1 (R i ). 

Then there exists 1 > T > , T = T(\\B(po\\ H i, ||xo||l2, ||.B xi||l 2 ) > such that 
problem p)). has a unique solution (99, x) with 

Btp G X k >l [0, T] , X , B-\ t G X l + 1M [0, T] + X l + 1M [0, T] , 
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where b\ = ^+ , ifl + \<k<l + 2 , and b\ = \ , if k = I + 1 . This solution 
satisfies 

^eC°([o,r],^(R 3 )) , ^B-'tte^f^ni'+^R 3 )), 

Proof: One has to modify the usual contraction argument in the proof of The- 
orem |23 combining the following fundamental estimates, which e.g. in the case 
I + 1 < k < I + 2 read as follows: 

WB-^DyDxn^i < cT e \\D^\\ xl ^ || x ||^ (38) 
\\B-\DvD X )\\yi < cT e ||^|| xl ,i Hxll^i (39) 
\\B-\DipD X )\\ xk ,.r < cT®(\\Dv\\ xl i\\x\\ xW ,l + ll^ll xfc ,i llxll^o.i) (40) 
\\B{D<p x Dtp2)\\ xh - h+ < cT \\D^\\ x ^ \\D<p 2 \\ xh i (41) 
WBiD^D^W^^ < cT (||D^|| xli i \\D<p2\\ xkth + \\D Vl \\ xh i \\D<p 2 \\ xh i). 

(42) 

Here and (EH) follow from Lemma 121)1 f+ remark), Lemma l2~Hl 

(+ remark), Corollary 12.31 Lemma 12.51 and Corollary 12.21 respectively. 
In the limiting case k = I + 1 we only have to replace (|42j) by 



\B(DpiD<p 2 )\\ i < cT e (||IVi|| i \\D<p2\\ h i + H^ill k i WDww lt i 

x ± 



which follows from Corollary 12.41 and to add 

WBiDipxDipdWyW ^c^dl^ll^iH^H^i +11^11^111^211^1), 
coming from Corollary 12.61 

We omit the proof and just refer to |S], Theorem 1.1, where a detailed proof can 
be found. 

Combining Theorem 12.31 with Proposition 11.11 we can also show global well- 
posedness for smoother data, namely 

Theorem 2.4 Assume k >l , I > —I , I + I <k <l + 2 and 

with 

\\ B Vo\\m + IIXo||z,2 + ||-B _1 xi||l2 < eo, 
where eo is sufficiently small, dependent only on e S R 3 and a Sobolev embedding 
constant. Then the Cauchy problem J1J), |2J) has a unique global solution (ip, x) 
with 

B^lM , x^-'xtGX^+X 1 ^, 

where b\ = ^+ , ifl + \<k<l + 2 , and b\ = ^ , if k = I + 1 . This solution 
satisfies 

^€C°(R,# fc (R 3 )) , X ,^V6C°(R,ff i+1 (R 3 )). 
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3 Local existence in 2+1 dimensions 

Lemma 3.1 In space dimension n = 2 the following estimate holds under the 
assumptions of Lemma [ 



\\B- 1+ %D V D X )\\ xk _^ h+ < cT e \\B^D^\\ xk _ e - h \\B- 5 D X \\ xl+s ,i 
with > , if 0<e<l and 5 > . 

Remark: If I < , we can replace \\B- s Dx\\ l+s ,l by ||x|| i . 

x ± x ± 

Proof: We follow the proof of Lemma 12.41 and have to give the estimate 



S 



™lt£|£ir 1+e <£i> fc ~' 



\^\- s (o l+5 \^n2) k -^)H^-(^ 



< cT 



e 



Region A: \^\ < ±|£ 2 | (=> |£| ~ |6|) • 
Case 1: |^| > 1 , |6| > 1 • 

The same calculation as in Lemma 12 . 41 gives the desired estimate. 
Case 2: |£i| < 1 , |&| > 1 • 
We have 



S < c 



\vviv 2 \\£i\ 1+c 



a. I + k < . 
Using (|TB|) we get 



S < c 



\vnv^\({a) + (ai) + (erg)) 2 
|^l| 1 - £ (cr) 2 (cri) 2-(cr 2 )2 



Remark that —A; — / < 1 , so that Lemma 12.31 can be applied with m = 1 — e and 
gives 2(o + ai + a 2 ) + m = /c + Z — 4 — e— >3 — e— >2, because fc > , Z > — 1 , 
thus the desired estimate follows, 
b. I + k > . 



5 < c 



Using Lemma 12.31 with m = 1 — e gives the desired result. 
Case 3: |£i| < 1 , |£ 2 | < 1 and w.l.o.g. 5 < e . 

s . r , l^i^2||6r 1+e < c /" \vvrvi\ 



Using Lemma 12.31 with m = 1 — 6 gives the result. 
Region B: ±|£ 2 | < \^\ < 2|&| (=► |£| < 3|£i|,3|&|). 
We have 



S < c 



l£i|<» 2 (o"i) 2 (0-2) 



1 , ,1 

2 
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Case 1: |£| < 1 . 

\VVIV2\ 



S <c 



ICl I 1 " 5 <^> ^ <^l> 2 ~ <CT 2 > 2 

This can easily be handled by Lemma 12.31 with m = 1 — 5 . 
Case 2: |f | > 1 (=> |^| > i). 



5 < c 



a. / < . 



5 < c 



(£l)(cr) 2 (cTl) 2 (o- 2 ) 2 
|toTu2| 



Because 1 + / > this can easily be handled by Lemma 12.21 or Lemma 12.31 
b. Z > . 

We get 

|Wi«2| 



S < c . 

(fl)(<r)a(o-i)a (o- 2 }2 

which can be treated by Lemma 12.21 
Region C: > 2|&| ( |£| ~ |6D- 
We get 

Case 1: \^\ > 1 , |&| > 1 • 

This case can be handled like the 3-dimensional case in Lemma 12.41 
Case 2: \^\ > 1 , |£ 2 | < 1 . 
We have by JIHJ) : 

c . /• \vy?Si\(Zi) k - 1 - 1 , f \vv^\((<j) + + i^})^' 1 
s < c — —rrr, ; i , , i < c 



I6| e (0-) 2 (<7l) 2 (^2) 2 J |6| £ (0-) 2 (<7l) 2 (^2) 2 



Because > I + 2 we can apply Lemma 12.31 with m = e and compute 2(a + a% + 
'1,1,1 fc-z- 

-2 2 2 2 



a 2 ) + m = 2(i + i + I — fc ^ 1 ) + e— > 2 + e— , so that the claimed estimate 



follows. 

Case 3: |£i| < 1 , |£ 2 | < 1 and w.l.o.g. 5 < 1 - e 

/" |OTry2||6r 1+e+<5 / /* |mJT^ 
S < c / , , , ; 1 , ,1 , , 1 < c 



An application of Lemma 12.31 with m = 1 — 5 gives the desired estimate. 
Lemma 3.2 Lei n = 2. Under the assumptions of Lemma \2. 51 we /lave 
||i? 2 ^p^)||^_i + < cT^i^ll^ 

mi 9>0/orO<5<l,0<e<l. 
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Proof: Arguing as in Lemma 12.51 we have to show 



W 



|6l e (6>M6l e <6} fc - e <^~(^i>^2)2 

Region A: %i < < 2|£ 2 | (=> |£| < 3|£i|,3|&|). 
Case 1: [&| > 1 (=> |6| > 5) • 
Using the assumption > ^ we get 

|^|(C) Z+2 



< cT e \\v 



W < c 



(Ci) fc (e2) fe (^) 5 ~(^i) 5 (^)5 



< c 



< c 



|vviu 2 |(£) 



(a) 2 (ai)2(a 2 ) 2 
(<T)^"(cri)5(a 2 )^ 



Lemma l2.HI gives the claimed estimate. 

Case 2: |^| < 1 (=> |6| < 2 => |f | < 3) . 

Using 2 — 5 — e > and |£| < 3 we get the estimate 

\vvrv2~\\£\ 2 ~ s 



W < c 



|Cl| e |^2| e <0->2-<0-i>2 <<T 2 >3 



< C 



C 



|W1«2||C| 



2-5- 



I6h(0-} 2 (0-l) 2 (0-2) 2 
|6| e (0-)^~(°"l)^(0-2)5 



Lemma 12. 31 gives the claimed estimate. 

Region B: \^\ > 2|&| (=► |£| ~ |&|) (and similarly |&| > 2|^|). 
We get 



W<c 



\^nv2~m) l+s \ti\ 2 - 5 - 



< c 



\vviv 2 \(£i) 



l+2-k 



(Cl>* _e |6| e <6> fc-e <ff> 3 ~(^l) 3 W3 
Case 1: |&| > 1 . 

|?^|(£i)' +2 - fc 



I6| e (6) fc ^(^)^(ai) 2 (a 2 ) 2 



VP < c . 

(6) fc (c r ) 2 (cri) 2 (o- 2 ) 2 
This is exactly the integral treated in Lemma 12.51 in the case n = 3. 
Case 2: |£ 2 | < 1 . 

Assuming w.l.o.g. k < I + 2 and using we get the estimate 



W < c 



\wiv 2 \{£i) 



l+2-k 



< 



l6| £ (o~) 2 (cri) 2 (0-2) 2 



i + 2 — k 

\vviV2\({cr) + (pjl) + (cr 2 ))~2~ 
|6| e (o") 5_ (cti) 2 (cr 2 ) 2 



The exponents in the denominator are nonnegative, because k > I + 1 . Thus we 
apply Lemma l2~3l with e.g. a = \ — l+2 ~ k — > , a\ = a 2 = \ , m = e , so that 
2(a + ai + 02) + m > 2 + e > 2 . 

The following variant of Lemma 13.21 is also true: 

Lemma 3.3 Let n = 2 . Under the assumptions of Lemma \2. 51 we have 

\\D(pD<p\\ - HD2-«5 n ^n,„ll . ^ vreii D er»._il2 



• 1+2, 



™f/i 0>O /or 0<e<l 
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Proof: The proof of Lemma 13.21 is modified as follows. We have to estimate 



W :-- 



VV\V2\£\ 



1+2 



I6l e (6} fc - e l6l e (6) fc - e ^} 5_ ^i) 5 (^2)5 



Region A: %l < |^| < 2|&| (=> |£| < 3|Ci|,3|6|). 
Case 1: |6| > 1 (=► |&| > |) • 
This case is treated exactly as in Lemma 13.21 
Case 2: |&| < 1 (=> |&| < 2 => |f | < 3) . 
Using / + 2 — e > and |£| < 3 we get the bound 

„- , ; r i i^l \Z\ l+2 < c f |ft*S| lC| i+2 -' 



IClH6| e (^) 2 (0-l) 2 (0-2) 2 J l&l^} 2 (0-l) 2 (0- 2 ) 2 

|€2| € <cr)i~<cri)i(cr 2 )l 



< C 



which can be estimated by Lemma 12.31 

Region B: |&| > 2|&| (=► |£| ~ |6|) (and similarly |£ 2 | > 2|£i|). 
Using Z + 2 — e > we get the bound 

w< f \ffirfi\\Zi\ l+2 - e <c f \vn^\(di) l+2 - k 



(6)^ e ie2| e (6>^ e ^) 2_ (^i) 2 (^2) 2 J |6l e (6) fc - e (^) 2_ (^i) 2 (^2} 2 

This is exactly the integral treated in the proof of Lemma 13.21 Region B. Thus 
the claimed estimate follows. 

In order to treat the limiting cases k = I + 1 and k = I + 2 we also need the 
following results: 

Lemma 3.4 Let n = 2 , I > —1 , I + 1 < k < I + 2 , and Zei <p, x be supported in 
{\t\ < cT} . T/ien the following estimate holds: 

\\B- 1+ ^D V D X )\\ xk _ e ^ < cT 6 \\B*Dy\\ xk _ e ^B- 5 D X \\ xl+s ^ 
with @>0for0<e<l,S>0. 

Remark: For Z < we can replace ||-B _<5 -Dx|| l+s i by ||x|| , +1 i . 

x ± ' 3 x ± 

Proof: We repeat the proof of Lemma 13.11 replacing (ai)?" by (o"i}2 . We only 
have to remark that the limit case k = I + 2 is allowed in Region C, Case 1 
and Case 2, because the power of the a - modules in the denominator remains 
nonnegative in this case. 

Lemma 3.5 Let n = 2 , I > -1 , k > , k = I + 1 and supp ip C {\t\ < cT} . 
Then 

\\B 2 - s (Dj>D<p)\\ i < cT e \\B*Dyt L_. i 
tuitt 9>0 /or 0<<5<l,0<e<l. 
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Proof: We repeat the proof of Lemma l3~2l with (a)^~ replaced by (a) 2 . The 
condition k < I + 1 was only used in Region B, Cases 1 and 2 to produce non- 
negative exponents of the a - modules in the denominator, which is satisfied now 
also for k = I + 1 . 

Remark: The estimate of Lemma 13 . 31 remains true for k = I + 1 in the following 
form: 

\\D<pD<p\\ . i+2 ,_i <cT e \\B e D<p\f ' 1 

with 0>OforO<e<l. 

This follows similarly as Lemma 13.51 

Lemma 3.6 Assume n = 2 , I > —1 , k = I + 2, and let ip,x be supported in 
{\t\ < cT}. Then 



B- l+ *{DyD X )\\ Yk - e < dr*\\B*D<p\\ ifh i\\B-°D X \\ 



i+s, 



with @>0for0<e<l,6>0 



Remark: For I < we can replace \\B D\\\ by ||x||^.j +li i • 

Proof: Arguing as in the proof of Lemma 13. II we now have to give the following 
estimate (cf. the proof of Lemma l2.8|) : 

5 f |^i^l|gi|- 1+£ (gi) fc - £ ^ e 

b := / j r <cJ I) ,2 h W »2 rJ • 

J l^(0 i+ %l e <6) fc ^>2( CTl )<a 2 )2 

The only case where the strict inequality k < I + 2 was used in the proof of Lemma 
13.11 was Region C, Case 1 and 2. In all other regions we define v% := (o"i)~2~{(JJ ; 
so that ||«i||i2 < c||wi||£2 , and S reads as follows: 



\Z\- 5 (O l+5 \&\H&) k -Hv)kvi)^(^ 



This is exactly the integral treated in the proof of Lemma f3.ll so that the result in 
these regions follows. It remains to consider Region C, Case 1 and 2 in the proof 
of Lemma 13. II Similarly as there we get in Region C, Case 1 (with k = I + 2): 



S <c 



\vwlvi\(^i) 



This integral was already treated in the proof of Lemma 12.81 In Region C, Case 
2 by use of (|T7)) we arrive at 

$ <c f Ivwjviliti) <c f \vwivi\{{a) + {0-2} + (<7l)0{ cl | CT i|<|£i| 2 <c2ki|})^ 



I6| e (^)^i)(^2)2 J |6| e (^(ai}(a 2 )2 

The two terms coming from {a) and {a 2 ) in the numerator are treated by defining 
V\ as before by Lemma [2~3l with e.g. a = , a\ = ^— , a 2 = ^ , m = e , so that 
2{a + a\ + a 2 ) + m = 2 + e— > 2 , whereas the term coming from (a\) is treated by 
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defining^ := (a^ 2 WL0{ Cl | CT1 |<|ai 2 <c 2 ki|} • so that IMIl 2 , < c||wi[| L a . Thus 
we are left with 



\&\ e fa 2 fa) 2 
which can be handled by Lemma 12.31 
Finally we get 

Lemma 3.7 Let n = 2 , I > — 1 , A; > ^ , k = I + 1 and supp ip C {|i| < cT} . 
Then 

\\B 2 - 5 (D<pD<p)\\ Y i+ s < cX*\\B e D<p\\* xk _ eih 
with 8>0 for 0<5<l,0<e<l. 

Proof: We follow the proof of Lemma 13.21 and have to show 

:= / 1 1 , r <cr° d ra b Ls h La . 

J ieii e (ei> fc - e i&i 6 (6)*- e ^)^i>»^2)3 

In Region A, Case 1 of the proof of Lemma 13.21 we define v := (a)~2~w , so that 
IMIl 2 — c \\ w \\lI > an d we get as in Lemma 13.21 the estimate 

~ r \wvrvi\ f \vvrvi\ 

W < c ! j — ! — r < c 



(a)(a 1 )2(a 2 )2 J (a) 2 (0-1)2(02)2 

which can easily be handled by Lemma 12.31 
Similarly, in Region A, Case 2 we arrive at 



W < c 



\VVlV2\ 



|£l| e (<r)2 (C7i)2 ((72)2 

which can be controlled by Lemma 12.31 again. 
In Region B, Case 1 we get for k = I + 1 using (|18|) : 

<c [ 1^^1(6) < Q f + fa) + fa<t>{ Cl \a\<\(\ 2 <c 2 |«r|}) 



(&) k fafa)*fa)* V <6>*<0<^l> 3 ^2>3 

The two terms coming from (o"i) and ((T2) in the numerator are treated by defining 
v as before and using Lemma 12.21 whereas the term coming from (a) is treated 
by defining v := (a)~2W(fi{ Cl \ a \ < ^2 <C2 \ a ^ , so that ||«||x2 < c||u>||£2 , leading to 



\VVlV2\ 



(6) fc (^l) 2 (0-2) 2 

which again can be handled by Lemma 12.21 (remark that k > |). 
In Region B, Case 2 we arrive at the corresponding integrals where (£2)^ is re- 
placed by |^2| e ■ This can be treated by use of Lemma |2~B1 

Remark: The following variant of Lemma 13.71 is also true, as follows similarly 
from the proof of Lemma 13.31 

Lein = 2 ,1>-1 ,k> 1 -^ ,k = l + l and supp p C {\t\ < cT} . Then 
\\(Dg>D<p)\\ n+2 <cT e \\B*Dcp\f = 
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with 6 > for < e < 1 . 

These results can now be used to prove a local existence and uniqueness result 
as in the 3+1-dimensional case. 

Theorem 3.1 In space dimension n = 2 assume I > — 1 , I + 1 < k < I + 2, 

k > , < e,5 < 1, and 

B 1+e <p G H k ~ e (-R 2 ) , B^xo G H l+S (K 2 ) , B~ s X i G # /+5 (R 2 ). 

Then there exists 1 > T = T(\\B 1+6 ipo\\ H k-e, ||-B 1-<5 xo||.f/'+<5) ||-B _<5 Xi \\h 1 + s ) > , 
such that the problem 0), |3J) has a unique solution (cp, x) with 

B 1+t cp G X fc - e ' 6 [0, T] , B 1 -^ , B- s X t G X l + S ' bl [0, T] + X l + 5 ' bl [0, T] . 

Here b = \+ , b\ = \+ , if I + I < k < I + 2 , b = \ , bi = \+ , if k = I + 2 , 
and b = i+, &i = i > if k = 1 + 1 . This solution satisfies 

B 1+e p G C°([0,T],# fc - e (R 2 )), B 1 "^, B~ 6 Xt G C°([0,T],i^ +<5 (R 2 )). 

If I < we can replace B 1 ~ 6 xo , B~ 5 xi G F' +<5 fry xo G # m , Xi G i? z , and 
B 1 -^ , #~ 5 Xt G X++ 5>bl [0, T] + xi +<5 ' fel [0, T]by X e [0, T] + X l + 1M [0, T], 

Xt G X l + bl [0,T] + X l l bl [0,T] , and we have X G C°([0,T], H l+1 (R 2 ) , X t G 

a ([o,r],ii z (R 2 ) . 

Remark: If this theorem would be true for e = , we would have local existence 
und uniqueness for data Bip G if 1 (R 2 ) , xo G L 2 (R 2 ) , £ -1 xi G L 2 (R 2 ) . 
Using the a-priori bounds for ||.B</?||#i + ||x||l 2 + 1 1 -B - 1 1 1 z, 2 under a smallness 
assumption on ||£>c^o||l 2 ( c f- chapter 1) , this would imply global existence in 
these spaces under this smallness assumption. 
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